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Abstract  This paper considers dealing with path constraints in the framework of the improved control vector it-
eration (CVI) approach. Two available ways for enforcing equality path constraints are presented, which can be di-
rectly incorporated into the improved CVI approach. Inequality path constraints are much more difficult to deal 
with, even for small scale problems, because the time intervals where the inequality path constraints are active are 
unknown in advance. To overcome the challenge, the l1 penalty function and a novel smoothing technique are in-
troduced, leading to a new effective approach. Moreover, on the basis of the relevant theorems, a numerical algo-
rithm is proposed for nonlinear dynamic optimization problems with inequality path constraints. Results obtained 
from the classic batch reactor operation problem are in agreement with the literature reports, and the computational 
efficiency is also high. 
Keywords  nonlinear dynamic optimization, control vector iteration, path constraint, penalty function method 

1  INTRODUCTION 

Owing to the growing popularity of dynamic 
simulation softwares (e.g., Aspen Dynamics and 
gPROMS) in chemical engineering processes, opera-
tion optimization becomes a problem that needs to be 
solved urgently. Traditional static optimization meth-
ods are no longer suitable for the complex characteris-
tics of modern chemical plants, such as nonlinearity, 
high dimensionality, and uncertainty. Therefore, more 
researchers are paying their attentions to using dy-
namic optimization methods for eliminating bottlenecks 
and tapping potentials in industrial processes [1, 2]. 

In the previous paper [3], an improved control 
vector iteration (CVI) approach was established in 
detail. The approach can overcome most drawbacks of 
traditional indirect methods except dealing with path 
constraints. In this paper, the approach is enhanced 
further, and both of equality path constraints and ine-
quality path constraints are considered. 

Dynamic optimization problems with path con-
straints are difficult to solve, especially for inequality 
path constrained problems. The reasons are: the time 
intervals where one or more active constraints exist 
are unknown in advance; in a specified time interval, 
the number of active constraints is also unknown; all 
the state equations that are described by a set of ordinary 
differential equations (ODEs) and the active constraints 
may constitute high-index differential-algebraic equa-
tions (DAEs), which are hard to solve currently.  

Many researchers have tried to overcome the 
difficulties [4-10]. In this paper, the l1 penalty function 
and a novel smoothing technique are introduced to 
enhance the improved CVI approach and make it able 
to handle path constraints. A significant benefit of using 

the l1 penalty function is that the solution of the original 
dynamic optimization problem can be approximately 
obtained by solving a sequence of unconstrained 
nonlinear programming problems (NLPs). However, 
the l1 penalty function is not differentiable (i.e., 
non-smooth), so that many sophisticated NLP algo-
rithms such as BFGS can not be used directly. To 
remedy the deficiency, a new-emerging smoothing 
technique given by Meng et al. [11] is applied, and the 
relationship between the original problem and the 
smoothed penalty problem is also elaborated, resulting 
in a concomitant numerical algorithm for nonlinear 
dynamic optimization problems with path constraints. 

2  PROBLEM FORMULATION 

The nonlinear dynamic optimization problems 
with path constraints can be formulated mathematically 
as follow: 

DP:  f

0
f fmin [ ( )] [ ( ), ] [ ( ), ( ), ]d

t

t
J t t t L t t t tΦ= + ∫u x u x  

 (1a) 
s.t.    ( ) [ ( ), ( ), ]t F x t t=x u x          (1b) 

[ ( ), ( ), ] 0iH t t t =u x ,  11,2, ,i m=        (1c) 

[ ( ), ( ), ] 0iG t t t ≤u x ,  21,2, ,i m=        (1d) 

0 0( )t =x x                  (1e) 

0 ft t t≤ ≤                  (1f) 
where ( ) nt ∈x R  is the vector of state variables, 

( ) rt ∈u R  is the vector of control variables; the initial 
time 0t  and the final time ft  of the process are both 
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fixed; the nonlinear dynamic process is described by 
the differential equations Eq. (1b), the equality path 
constraints Eq. (1c), and the inequality path con-
straints (1d); the consistent initial conditions are given 
by 0x . It is notable that 0iH =  and/or 0iG ≤  may 
represent a state variable path constraint or a control 
variable path constraint alone, or even their mixed 
combination. From this point, the formulation P1 in 
the first paper can be regarded as a special case of DP. 

3  APPROACH DESCRIPTION 

3.1  Dealing with equality path constraints 

Equality path constraints are relatively much 
easier to deal with than inequality path constraints. 
Two effective ways can be incorporated into the im-
proved CVI approach directly. The first one is sug-
gested by Vassiliadis [5] that all the equality path con-
straints are enforced by minimizing the integral of 
their squared residual, thus DP becomes: 
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s.t.  ( ) [ ( ), ( ), ]t F t t t=x u x            (2b) 

[ ( ), ( ), ] 0iG t t t ≤u x ,  21,2, ,i m=        (2c) 

0 0( )t =x x                 (2d) 

 0 ft t t≤ ≤                 (2e) 
When [ ( )]J tu  reaches its minimum, the last term in 
Eq. (2a) should be zero, consequently the equality path 
constraints Eq. (1c) are satisfied. The second one is to 
treat Eq. (1b) and Eq. (1c) as a differential-algebraic 
equations (DAEs) system (the index of the DAEs sys-
tem should be less than 3), which can be solved by 
state-of-art DAE solvers [12]. 

3.2  Penalty function method for dealing with 
inequality path constraints 

Inequality path constraints are very difficult to 
handle, even for small-scale problems [10]. The idea of 
penalty was mentioned early in Bryson and Ho [13], 
where the inequality path constraints were suggested 
being enforced by augmenting the original objective 
function as 
DP′: 
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(3a) 
s.t.  ( ) [ ( ), ( ), ]t F t t t=x u x         (3b) 

0 0( )t =x x                (3c) 

0 ft t t≤ ≤                (3d) 
where ρ is the penalty parameter. In fact, this form 
applies the quadratic penalty function which is not 
exact, that means ρ should be very large when the so-
lution of DP′ can be taken as an approximate solution 
of DP. To remedy this flaw, the l1 exact penalty func-
tion is used, resulting in the new problem DP1: 
DP1: 
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(4a) 
s.t.  ( ) [ ( ), ( ), ]t F t t t=x u x         (4b) 

 0 0( )t =x x                (4c) 

 0 ft t t≤ ≤                (4d) 
For the exactness of the l1 penalty function 

method, there exist a threshold value ρ∗  for the pen-
alty parameter ρ, that for all ρ ρ∗> , the solution of 
DP1 is exactly the solution of DP [14]. This favorable 
property can avoid the possible numerical difficulties 
caused by the very large value of ρ in DP′. 

3.3  Smoothing technique 

Although the l1 penalty function is exact, it is not 
differentiable, which means the sophisticated gradient 
based NLP algorithms can not be used to solve DP1. 
In this study, a novel smoothing technique [11] is 
adopted to overcome this drawback. 

The non-differentiable operator max{0, y} can be 
equivalently expressed by Eq. (5a): 

0 if 0
( )

if 0
y

p y
y y

⎧
= ⎨ >⎩

≤
           (5a) 

Recently, Meng et al. [11] proposed a smooth function 
that can approximate p(y) with artificially precision: 
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where the parameter a should be greater than 1. For 
the constrained NLP problem in Eq. (6), the l1 penalty 
function is expressed in Eq. (7) and the smoothed l1 
penalty function is expressed in Eq. (8). 
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Accordingly, two penalty problems in Eqs. (9) and (10) 
are obtained, both of them are unconstrained NLP 
problems: 

SP:  min ( )f z               (6a) 
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SP2:  2
1

min ( ; ; ) ( ) [ ( )]
m

i
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= + ∑z z z  (10) 

Meng et al. [11] also proved the following theorems, 
where ε is called the smoothing parameter. 

Definition 1  A vector εz  is ε-feasible to SP if 
( )ic ε ε≤z   1,2, ,i m=  

Theorem 1 [11]  Let 1
∗z  be the solution to SP1 in 

Eq. (9), and 2
∗z  be the solution to SP2 in Eq. (10). Then 

( ) ( )1 1 2 2
10 ; ; ; 1 m
a
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Theorem 2 [11]  Let 1
∗z  be the solution to SP1 in 

Eq. (9), and 2
∗z  be the solution to SP2 in Eq. (10). 

Furthermore, let 1
∗z  be feasible to SP and 2

∗z  be 
ε-feasible to SP. Then 

( ) ( )1 20 f f mρε∗ ∗−≤ ≤z z  

Theorems 1 and 2 indicate that when ε is suffi-
ciently small, the solution of SP2 is an approximate 
solution of SP1. 

3.4  Solve the problem DP with the smoothed pen-
alty method 

Suppose u(t) has been discretized in the time ho-
rizon, and the state variables x(t) have been calculated 
by solving Eq. (1b) and Eq. (1e) with a set of given 
control variables (this is reasonable in the iterative 
solution process, please see the implementation struc-
ture in the first paper [3]), then DP1 becomes: 

DP1:  
1
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Applying the novel smoothing technique to DP1, DP2 
is produced: 

DP2:  
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It is surprising to find that the relationship be-

tween the problems DP, DP1 and DP2 is the same as 
the relationship between SP, SP1 and SP2. In other 

words, for all ρ ρ∗> , the solution of DP2 is an ap-
proximate solution of DP. 

3.5  Algorithm outline 

The improved CVI approach is enhanced by ap-
plying the smoothed l1 penalty function, its structure is 
sketched in Fig. 1, and the corresponding numerical 
algorithm is given below: 

Step 1  Set initial penalty parameter ρ and initial 
smoothing parameter ε. 

Step 2  Set tolerances ε1 for Adams algorithm, ε2 
for BFGS algorithm, ε3 for feasibility, choose the time 
interval number N. 

Step 3  Assign the initial guess for control vari-
ables u(0) according to experience or priori knowledge 
about the problem. Set the number of iteration 0k = . 

Step 4  Integrate the state and adjoint equations 
by Adams algorithm, thus ( ) ( )k tx , ( ) ( )k tλ , ( )[ ]kJ u  
and ( ) ( )[ / ]k kH∂ ∂u  are obtained. Go to Step 5. 

Step 5  Optimize the unconstrained NLP problem 

 
Figure 1  The structure of the improved CVI approach
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DP2 by BFGS algorithm where the gradient trajectory 
is ( ) ( )[ / ]k kH∂ ∂u , and a set of new control variables 

newu  are obtained. Go to Step 6. 
Step 6  Repeat the integration phase once again 

with the input newu , then new ( )tx , new ( )tλ , new[ ]J u  
and new new( / )H∂ ∂u  are obtained. Go to Step 7. 

Step 7  If both of the convergence criterions 
new ( )

2[ ] [ ]kJ J ε<−u u  and new
3[ , ( ), ]iG t t ε≤u x  ( i =  

21,2, ,m ) are satisfied, set new∗ =u u , then take ∗u  as 
the approximate solution of DP. Otherwise go to Step 8. 

Step 8  If only the criterion new ( )[ ] [ ]kJ J <−u u  

2ε  is satisfied, then increase ρ as cρ ρ= ⋅  ( 1c > ), 
and decrease ε as dε ε= ⋅  ( 0 1d< < ), go back to 
Step 4. Otherwise go to Step 9. 

Step 9  Set   ( ) new:k =u u ,   ( ) new( ) : ( )k t t=x x , 
( ) new( ) : ( )k t t=λ λ , ( ) new[ ] : [ ]kJ J=u u , ( ) ( )[ / ] :k kH∂ ∂ =u  

new new( / )H∂ ∂u , then go back to Step 4. 

4  CASE TESING 

The batch reactor operation problem with the 
parallel reaction mechanism: A B→ , A C→  (the 
objective is to find the optimal temperature operating 
policy below 412 K that maximizes the yield of B), is 
tested again with additional path constraints (for more 
background about the problem please refer to [3]).  
The computing platform consists of Pentium 
E6550/2.93GHz CPU and DDRII/1000MHz system 
memory. The desired integration tolerance ε1 and the 

optimization tolerance ε2 are set to 10−6, ε3 is set to 
10−4. The parameter a in Eq. (5b) is set to 2. 

Bloss and Biegler [7] added a state inequality 
path constraint on this problem, that the yield of A 
should never be less than 0.2, the modified problem is 
formulated as 

Bmax (1.0)M            (13a) 

s.t.  A 1 2 A( ) [ ] ( )M t k k M t= − +  

B 1 A( ) ( )M t k M t=          (13b) 

A 0(0)M A=  

B 0(0)M B=              (13c) 

412 KT ≤              (13d) 

 A ( ) 0.2M t ≥             (13e) 

0 1t≤ ≤               (13f) 
The initial conditions are: 0 1A = , 0 0B = , 1ρ = , 
ε = 5×10−6, 10c = , 0.5d = , and (0) 2=u  uniformly. 
The algorithm in Section 3.5 is used to solve this 
problem and Table 1 summarizes the results. It can be 
seen there are 3 times of penalty in the solution proc-
ess. For instance, when 1ρ =  and ε = 5×10−6, the 
objective function value is 0.5631 while the error is 
greater than 10−4; then the penalty parameter and the 
smoothing parameter are updated by the rules: 

10ρ ρ= ⋅  and 0.5ε ε= ⋅ , respectively, and the algo-
rithm restarts from Step 4. When 100ρ =  and ε =  
1.25×10−6, the algorithm stops with the objective 
function value of 0.5347. The solution process needs 
37 BFGS iterations in all and 7.25 s. 

Figure 2 shows the change of control profile in 
the solution process, and Fig. 3 shows the optimal 

Table 1  Results for the constrained batch reactor problem 

Penalty times Penalty parameter Smoothing parameter ( )[ ]kJ u  Error BFGS iterations CPU time/s

1 1ρ =  ε = 5×10−6 0.5631 0.0084 

2 10ρ =  ε = 2.5×10−6 0.5447 0.0056 

3 100ρ =  ε = 1.25×10−6 0.5347 0.00004 

37 7.25 

Note: Bloss and Biegler’s objective value 0.5400, CPU time 17.5 s, computing platform of DEC Alpha [7]. 
 

          
(a)                                             (b) 

Figure 2  Control profile in the solution process 
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state variables. In Fig. 2, the upper bounds for k1 and 
k2 are the same as in the first paper [3], meaning that 
the path constraint Eq. (13d) is satisfied. From Fig. 3 
it can be seen that, the yield of A only equals to 0.2 at 
tf, implying the path constraint Eq. (13e) is satisfied 
well during the whole operation process. Furthermore, 
the optimal objective function value of 0.5347 is close 
to the result by Bloss and Biegler [7], which demon-
strates the effectiveness of the proposed algorithm. 

5  CONCLUSIONS 

This paper aims to handle path constraints in the 
framework of the improved CVI approach. Equality 
path constraints can be enforced by minimizing the 
integral of their squared residual, or taken with the 
differential equations together as a DAEs system. 
Inequality path constraints are incorporated into the 
original objective function and enforced gradually by 
penalty function method. In order to use the sophisti-
cated NLP algorithms such as BFGS, a novel smooth-
ing technique is used to make the l1 penalty function 
differentiable. Based on the relationship between the 
original problem and the smoothed problem, an effi-
cient numerical algorithm for path constrained dynamic 
optimization problems is elaborated. The changes of 

the control profiles in the solution process are also 
illustrated. In addition, the low computational cost 
indicates the algorithm may have more potential in 
practical implementations. 
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